In this work we derive potential symmetries for ordinary differential equations. By using these potential symmetries we find that the order of the ODE can be reduced even if this equation does not admit point symmetries. Moreover, in the case for which the ODE admits a group of point symmetries, we find that the potential symmetries allow us to perform further reductions than its point symmetries. Some diffusion equations admitting an infinite number of potential symmetries and the scaling group as a Lie symmetry are considered and some general results are obtained. For all the equations that we have studied, a set of potential symmetries admitted by the diffusion equation is "inherited" by the ODE that emerges as the reduced equation under the scaling group.
Introduction
It is well known that the knowledge of a one parameter Lie symmetry group of an ordinary differential equation (ODE), allows us to reduce the order of the equation by one. In particular, a first order equation with a known one-parameter symmetry group can be integrated by a single quadrature. For higher dimensional symmetry groups the situation is different. In general it is not possible to reduce the order of an equation invariant under an r-parameter symmetry group by r using only quadratures, we need a solvable group. In [2] Bluman and Reid derived an algorithm to find new symmetry groups for ODE's. These new symmetries reduce the order of a given ODE in cases where a direct application of Lie's method fails. These symmetries are in general not equivalent to point symmetries.
In the last few years we have observed a significant progress in the application of symmetries to the study of nonlinear partial differential equations (PDE's) of physical importance, as well as in looking for exact solutions for such equations.
Lie classical symmetries admitted by nonlinear PDE's are useful for finding invariant solutions, as well as to discover whether or not the equation can be linearized by an invertible mapping and to construct an explicit linearization when one exists. Nevertheless an obvious limitation of group-theoretic methods based on local symmetries, is that many PDE's do not have local symmetries. It turns out that PDE's can admit nonlocal symmetries whose infinitesimal generators depend on the integrals of the dependent variables in
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some specific manner. For a given PDE one can find useful nonlocal symmetries by embedding it in an auxiliary "covering" system with auxiliary dependent variables. A point symmetry of the auxiliary system, acting on the space consisting of the independent and dependent variables of the given PDE as well as the auxiliary variables, yields a nonlocal symmetry of the given PDE if it does not project onto a point symmetry acting in its space of the independent and dependent variables.
In [3] there have been obtained two hierarchies of PDE's which are linearizable by two corresponding hierarchies of nonlocal transformations. The first of them is
where
Thus, the first three equations in the hierarchy (1.1) take the form
( 1.3)
The equations (1.3) are invariant under the classical scaling group and admit an infinite set of potential symmetries which allow us to linearize them. Under the scaling group the sets of equations (1.3) are reduced to a set of ODE's. These ODE's only admit a oneparameter Lie group of point symmetries but "inherit" potential symmetries that allow us to linearize the ODE's, or to reduce the order by two.
The aim of this paper is to study a new class of symmetries for ODE's. Some of these ODE's arise by means of invariance of diffusion equations under the scaling group and, "inherit" a set of potential symmetries. These potentials symmetries lead to further order reductions than the classical Lie symmetries of these equations.
We consider:
-The ODE's arising from u t = (f (u)u x ) xx , (this equation is a generalization of the second equation of (1.3)), (Section 2).
-The ODE's arising from the third equation of (1.3), (Section 3).
-A second order ODE which does not admit Lie symmetries, however by using potential symmetries can be reduced to a quadrature, (Section 4).
The diffusion equation
We consider the third order diffusion equation
If f (u) is an arbitrary function, the equation (2.1) admits a three-parameter Lie group with infinitesimal generators
On the other hand, PDE (2.1) is written in a conserved form. Its associated auxiliary system [1] is given by
We have that equation ( 
The corresponding infinitesimal generators of potential symmetries are listed below. Two cases arise: Case I-c, b, k arbitrary constants such that 9b 2 − 36c − 4k 2 = 0. The equation (2.1) admits the potential symmetry
Case II-b, c, k arbitrary constants such that 9b 2 − 36c − 4k 2 = 0. It can be easily seen that in this case we can take without loss of generality
(by replacing u by k 1 (u + k 2 ) being k 1 and k 2 certain constants). The equation (2.1) admits the potential symmetry
where η(t, v) is any particular solution of the linear equation
Coming back to the Lie symmetries of (2.1), it is known that an important class of solutions of this equation arises from its invariance under the scaling group X 3 (2.2), using this invariance we have
where u satisfies the ODE
For applications it is important to reduce the order of (2.8). We can show that (2.8) admits a one-parameter Lie group of point transformations if and only if
or the limit case
where λ, k, ν are arbitrary constants. The corresponding generators are
and
These are the only functional forms of f (u) for which the order of (2.8) can be reduced by Lie's method. However, we next show that it is still possible to reduce the order by using potential symmetries of ODE's. In particular we find:
• A functional form of f for which (2.8) does not admit classical Lie symmetries but the order of (2.8) can be reduced by using potential symmetry.
• A functional form of f for which (2.8) just admits a one-parameter Lie group of symmetries and the reduced equation does not admit Lie symmetries, however using potential symmetries the order of (2.8) can be reduced by two.
These two cases correspond to the previous Cases I and II for which the diffusion equation (2.1) admits potential symmetries.
We start by setting u = v z , then (2.8) becomes
we also consider the associated system
and the corresponding integrated equation
As it is indicated above two interesting cases arise:
system (2.12) admits a group of transformations with infinitesimal generator
This symmetry group is a new symmetry group for (2.8) due to the fact that ξ depends explicitly on v. This new group also allows us to reduce the order of (2.8). For example, if k = 0 the canonical coordinates corresponding to (2.16) : 
that allows us to reduce (2.8) to the second order ODE
where y = xu, w = logx and w y = h. This equation (2.21) does not admit any classical Lie symmetry. Nevertheless (2.8) admits a set of "potential" symmetries derived by considering the associated system (2.12). System (2.12) admits a new group of symmetries as in (2.15) with infinitesimals
where η(v) satisfies
Consequently the integrated equation (2.13) admits a two-parameter Lie group of point transformations with infinitesimals 
Remark
By making in (2.8) f (u) = u −3 , u = v z , it can be written in the conserved form
The integrated equation with c = 0 has the form (2.13), with f (v z
The same process can not be done for the other admitted Lie symmetry of (2.13) because the vector field V 2 = v∂ z is not a Lie symmetry for equation (2.26 ). In fact, it is a conditional symmetry for the equation (2.26) because it transforms only a class of solutions of (2.26) into solutions of (2.26), that is those solutions that verify equation (2.13).
The fourth order diffusion equation
Another interesting equation, from the point of view of the symmetry reductions is the fourth order diffusion equation
related to the third member of the hierarchy (1.1) through the change of variables t = −2t. This equation admits the four parameter group of infinitesimal generators
An important class of solutions of (3.1) arises from its invariance under the scaling group
where w satisfies the ODE
We can show that ODE (3.2) only admits a Lie group of point transformations of generator 
In fact, (3.3) has a group of symmetries with infinitesimals
where η(v) satisfies the linear equation If m = 0, 1, 2, 3, φ 1 = 0 is a solution of (3.6), so we have that for (3.5)
If m = 0, 1, 2, 3, we take
where c 1 is a parameter that we will determine later. By substituting (3.7) into (3.6) we obtain
Thus, it is clear that if m = 4, 5, 6, 7, by choosing c 1 = −2m(m − 1)(m − 2)(m − 3) and φ 2 = 0, φ 1 is a solution of (3.6), consequently
is a solution of (3.5). Proceeding in the same way, we obtain a nontrivial solution of (3.5) for each nonnegative integer m. We denote these solutions as η m (v). We have then, that for these values of m, the integrated equation
admits the two parameter Lie group of infinitesimals 
Integration of equations without Lie symmetries by means of potential symmetries
We are interested in ODE's which do not admit any Lie symmetry, but by means of potential symmetries can be reduced to quadratures. Let us consider the following second order differential equation:
Equation (4.1) has no Lie symmetries. However, it can be reduced to quadratures in the following way: By means of the transformation u = v x equation (4.1) becomes the third order differential equation:
Equation (4.2) can be expressed in conserved form as follows:
Let us consider any second order equation associated to equation (4.2):
where C is an arbitrary constant. It can be checked that equation (4.4) admits
as Lie symmetries. Then, X 1 and X 2 are potential symmetries of equation (4. The Lie symmetry of equation (4.6) inherited from X 2 becomes:
By means of the canonical coordinates {z = e −y w + y, β = e y } forX 2 , equation (4.6) can be solved by quadrature: There exists a procedure to reduce the order of equation (4.1) based on the existence of C ∞ −symmetries. The concept of C ∞ −symmetry is similar to the concept of Lie symmetry but it is based on a different way of prolonging vector fields. For a function λ ∈ C ∞ (M (1) ) we define the n−th order λ-prolongation of a vector field X = ξ(x, u)∂ x + η(x, u)∂ u , as the following vector field:
where D x denotes the total derivative operator with respect to x. The C ∞ (M (1) )−symmetries of an equation ∆(x, u (n) ) = 0 are the vector fields X for which there exists
An algorithm that let us reduce the order of the equation can be associated to a given C ∞ −symmetry. It is based on the construction of invariants of X [λ,(n)] by derivation of lower order invariants. This method, as well as equivalent definitions of C ∞ −symmetries, can be consulted in [6] .
We show here how potential symmetries can be recovered as C ∞ −symmetries of equation (4.1). This is a particular case of the use of the C ∞ −symmetries method to recover lost symmetries arising in equations with non-solvable symmetries algebras. Theoretical results related to the general case can be consulted in [7] .
First we observe that equation (4.2) keeps X 1 and X 2 as Lie symmetries, and it has an additional Lie symmetry, X 3 = ∂ v . The reduced equation obtained by using X 3 is equation (4.1). It can be checked that the following relations hold:
and when X 3 is used to reduce the order, neither X 1 nor X 2 are inheritable symmetries for equation (4.1) . In fact, we have showed that equation (4.1) has no Lie symmetries. However, since [X 1 , X 3 ] = X 1 , the Lie symmetry X 1 is inheritable as a C ∞ −symmetry. The corresponding inherited C ∞ −symmetry for equation (4.1)
The C ∞ −symmetryX 1 can be used to reduce the order of equation (4. An algorithmic procedure, based on the use and determination of integrating factors, has been introduced to reduce the order of ODE's [5] . The C ∞ −symmetries provide a new algorithmic method of reduction. The main advantage of using the reduction based on the existence of C ∞ −symmetries is that C ∞ −symmetries can be determined through a welldefined algorithm while conserved forms (4.3) needed to calculate potential symmetries are usually difficult to find.
Conclusions
In this paper, we have considered a family of diffusion PDE's which admit an infinite number of potential symmetries as well as point symmetries. An important class of solutions of these equations arises from its invariance under the scaling group, using this invariance we get a family of ODE's. Knowing the importance of reducing the order of these ODE's, we have derived potential symmetries for them, as well as for some other interesting ODE's. We have found:
• ODE's, such as (2.1), where f adopts the form (2.14) for which (2.1) does not admit point symmetries, but whose order can be reduced by using a potential symmetry.
• ODE's, such as (3.2) and (2.1), where f adopts the form (2.6), which just admit a oneparameter Lie group of point symmetries and the corresponding reduced equations do not admit Lie symmetries. Nevertheless we have used potential symmetries to reduce the order by two as well as to linearize them.
• ODE's such as (4.1) which does not admit any Lie symmetry however by means of potential symmetries can be integrated by quadratures.
